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Abstract

| propose an operational definition of a quantum 1 for molecular systems — a dimensionless,
system-specific invariant m_q that generalizes the classical constant 1 to include
electronic-phase topology and density-weighted phase winding of delocalized electrons. | define
TT_q via a density-weighted winding-number of the complex electronic amplitude around
chemically relevant cycles (rings or effective closed paths), and | show how 11_q reduces to the
classical 1 in canonical limits (simple particle-on-a-ring, uniform density). | derive the formula
from the Madelung (polar) decomposition of molecular wavefunctions, demonstrate its
mathematical properties (gauge invariance, additivity under non-overlapping cycles, continuity
under weak perturbations), and relate m_q to observable quantities: energy spacing of ring
modes, current (ring magnetism), and phase-sensitive spectroscopic signals. | illustrate the
concept analytically (particle-on-a-ring), semi-analytically (Hiickel benzene), and numerically
(finite conjugated chain model). Finally | discuss implications for aromaticity, molecular
electronics, and a program to test 1m_q experimentally.



1. Introduction

The constant 1 appears pervasively in quantum mechanics: normalization constants, Fourier
factors, angular measures and quantization conditions. In molecular quantum chemistry 1T is
present again and again—most visibly in TT-electron systems and aromatic rings—yet its role
has typically been treated as geometric background, not as a system-specific invariant that
encodes electronic topology and coherence.

| propose to elevate 1T into a quantum operational quantity for molecules: a measurable,
dimensionless number 11_q that captures how the electronic wavefunction’s phase and density
wrap around chemically relevant closed paths. Such a definition would (i) explicitly link geometry
(molecular cycles) and electronic phase topology, (ii) produce an effective constant that enters
mode quantization and energy spacing in the same algebraic role classically occupied by 1, and
(iii) provide a diagnostic for delocalization, aromaticity and current response.

Below | introduce the mathematical construction of Tr_q, derive its basic properties, compute it in
simple models, and sketch how to measure or compute it in realistic molecular calculations.



2. Definitions and theoretical preliminaries

2.1 Wavefunction polar form (Madelung decomposition)

Let w(r) be a (many-electron / effective single-electron) complex-valued molecular orbital or
effective single-particle amplitude defined on a domain D C [R? (for rings we use an angular
parametrization). | write the polar (Madelung) decomposition:

Y(r) = R(r) e ®), R(r) > 0, (r) € R,

where R is the amplitude (Vdensity for that orbital) and ® the phase. Physical currents and
topological features are encoded in V ®.

2.2 Closed paths and phase winding
Let C be a closed oriented path in molecular space chosen to follow a chemically meaningful

cycle (e.g., the ring centerline for benzene, or an effective loop going through the 1r-system).
Define the total phase winding (unweighted) about C:

Weo = iﬁﬂ,V@(r)dEEZ

27

for single-valued y (w_C integer). For molecular orbitals that are not strictly single-band or when
multiple orbitals contribute, a density-weighted continuous generalisation is useful (see next).
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Figure A —: Delocalized m-Electron Phase and Density along a Molecular Ring



3. Definition — the quantum 1T (11_q)

| define the quantum 17 for a chosen closed path C and a chosen set of contributing orbitals (or
the full many-electron density projected onto an effective single-particle amplitude W) as:

\boxed{\ \pi_q[C;\Psi]\;=\;\pi\;\bigg(1+\Gamma_C[\Psi]\bigg)\ }
\tag{1}

where [_C[W] is the density-weighted effective winding:

\Gamma_C[\Psi]\;=\;\frac{1}{2\pi}\;

\frac{\displaystyle\oint_C R*2(\mathbf{r})\,\\nabla\Phi(\mathbf{r})\cdot d\mathbf{\ell}}
{\displaystyle\oint_C R*2(\mathbf{r})\, d\ell}

\tag{2}

with RA2 the local probability (or orbital) density along C, and df the line element along C.
Equivalently, _C is the average local phase gradient (in units of 21T) weighted by density.

Remarks:

For a uniform density and exact winding numbern (¢ < eA{in8}onaring), C=nandm_q=
(1+n). For the minimal non-trivial ring (n=0) TT_q = 1.

The form (1) was chosen so 11_g smoothly generalizes 1 while preserving the algebraic role of
T in mode quantization (e.g., E o< m_g”"2 in simple models).

I_C may be non-integer for complex, multi-orbital molecules; it measures effective phase
accumulation per 21 length relative to density.



4. Mathematical demonstration and properties
I now show how (1) arises naturally and examine its key mathematical properties.
4.1 Derivation sketch (from boundary quantization)

Consider motion constrained along C (parametrized by angle 6 € [0,2m], arclengths=R_C6
with R_C an effective radius). The effective 1D amplitude along the path is

The canonical wave-number k(8) = ¢_s \tilde{®} = (1/R_C) d_8 \tilde{®d}. For a mode that fits
coherently around C, an effective quantization condition follows upon demanding phase closure
weighted by density:

$ok(0) d = §,0:® dl = AByor = 27 Ny,

but when amplitude varies along C, the
physically relevant phase that sets mode
spacing is the density-weighted total:

§ R*(6) 0, dt
¢ R2(6) df

Ad o = X L¢,

where L_C is the total length. Dividing by 21 and inserting into the classical quantization relation
yields a natural replacement of 1 by (1+_C) in mode expressions. Concretely, for a uniform
ring with radius R_C and L_C=21R_C, the standard particle-on-a-ring givesk n=2mn/L_C
and energy E noc (2mn/L_C)*2. Replacingnbyn eff=n+T_Cleads to k n — k {n,eff} o<
21(n+l_C)/L_C o< (1m_q)/R_C - n' and therefore E o 1m_qg"2 (up to prefactors). This justifies the
algebraic structure (1) in spectral formulas.



4.2 Reduction to standard

If the density is uniform and ®(6) = n6, then

1 f R*n d#
2w § R*d6

I'g =

:n}

hence m_q = m(1+n). For n=0 (no net winding), m_q = 1. Thus the usual 11 is recovered as the
base case.

4.3 Gauge invariance

Under a global gauge shift ®—®+const, V® is unchanged; under local gauge transform with
single-valued function, only integer windings change—I_C constructed from V @ is invariant. If
W is multiplied by a smooth, single-valued phase, Tm_q remains unchanged. This ensures TT_q is
a physical, gauge-invariant observable (up to choice of C and contributing orbitals).

4.4 Additivity and locality
For two disjoint cycles C: and C:, define m_q(C: U C.) via weighted average of I over combined
paths; the resulting 1_q is a density-weighted mean and obeys natural additivity in the sense of

extensive averaging. For small perturbations of R or ® (weak distortions), I_C varies
continuously—hence 1_q is stable under small structural changes.

4.5 Limits and continuity

In the limit of pointlike localization (R*2 concentrated at a point), denominators shrink and
I C—0, so m_g—Tr: a highly localized electron does not alter Tr.

In the large-delocalization limit with coherent winding, I'_C can approach integer values,
creating Tm_qg multiples.



5. Examples
5.1 Particle on a ring (analytic test)
Single-particle wavefunction y_n(8)= (21)*{-1/2} e*{i n 6}, uniform amplitude R=1/~(21), ® = né.

Compute I

1 §R*®d0 1 [7T(1/2m)ndo

FC — 97 fRth? 27 fﬂ“’(l/gﬁ)dg = ke

Thus m_q = m(1+n). In the ground-like n=0 mode, _qg=11. The spectral quantization E_n o<
(n)*2 becomes, under the 11_q algebraic mapping, E_n o< [T1_q( n/(1+n) )]*2 — algebraically
consistent and shows how 1_q modifies prefactors when effective winding exists.
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Figure B —: Particle-on-a-Ring: Phase Winding and 1r_q Reduction

(Note: one can choose alternative algebraic embedding; my choice preserves 1 in base case
and linearly includes I'_C.)



5.2 Hiickel benzene (semi-analytic)

In simple Huckel (6-site cyclic) benzene, 1r-electron molecular orbitals are linear combinations of
atomic p_z orbitals with coefficients o< e/{i k j} where k= 2 m /6, m=0..5. Project the
continuous formula onto the discrete cycle: replace integrals by sums along sites j with spacing.
For the occupied ground-state configuration (3 bonding MOs filled, net current zero) the
density-weighted phase derivative averages to zero - I_C =0 — 1_q = 1. For a chemically
perturbed benzene (e.g., with an external magnetic flux or symmetry breaking), nonzero
effective I_C can appear (current-carrying states), producing deviations of m_q from 1r; those
deviations correlate with ring currents and NICS-like magnetic responses.

Quantitatively: define discrete analogue

with A®_j the phase increment between sites. For benzene in its ground state A®_j sum to zero
— [_CMdisc}=0.
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5.3 Finite conjugated chain (numerical sketch)

For a finite conjugated chain with open ends, choose a virtual closed path following the
m-electron cloud (e.g., path across bonds and back through space). Numerically compute W
from tight-binding or DFT, evaluate R*2 and V ® along sampled points, compute I'_C. | find (in
representative models) I_C remains small but nonzero when end-states hybridize into coherent
delocalized orbitals; _q deviates slightly from 1 and the deviations correlate with reduced
HOMO-LUMO gap (enhanced delocalization). (Full numerical data would be included in a
supplementary file.)
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Figure D —: _q versus Delocalization: Numerical Sketch for Conjugated Chain



6. Observables and experimental connections

Energy spacing: In ring-like systems effective mode spacing scales with _q. High-precision
spectroscopy (rotational/vibronic coupling in aromatic ions or charged rings) could reveal
T_Qg-dependent shifts.

Ring currents / magnetism: Nonzero ' _C implies net circulating phase — measurable ring
currents via NMR shielding (NICS) or magnetic circular dichroism.

Transport: In single-molecule junctions, 1T_q correlates with transmission phase and
conductance resonances. Phase-sensitive transport measurements (Aharonov—-Bohm setups
with molecules) can probe I'_C.

Photo-induced coherence: Time-resolved ARPES or ultrafast spectroscopy that measures
phase evolution could access d_t® and, through modelling, infer _C changes.



7. Practical computation protocol
To compute 1_q for a molecule in practice:

1. Compute molecular orbitals W_i(r) (e.g., DFT or tight-binding). Select relevant orbital(s) or
construct an effective W as density-weighted sum (occupation-weighted).

2. Choose closed path C (geometric centerline for a ring, or contour following 1r-electron cloud).
Parameterize C by arc length.

3. Sample WY along C — extract R*2 and V ® numerically (finite differences of ® modulo 21
handled via unwrap).

4. Evaluate I'_C via (2). Compute m_q via (1).

5. Correlate m_q with spectral quantities or observables (HOMO-LUMO gap, NICS, transport
features).

I recommend including uncertainty estimation by bootstrapping sampling points and by varying
C within a small tube around the molecular ring to test stability.



8. Discussion — interpretation and implications

Interpretive value: 11_q codifies phase topology and density into a single scalar that generalizes
1 for electronic systems. Where classical ™ encodes geometry of circles, T1_q encodes
electronic circularity.

Aromaticity: Traditional criteria (Hlckel 4n+2) are topological and integral; m_q provides a
continuous metric that complements discrete rules and can quantify departures from ideal
aromaticity (e.g., heterocycles, substituted rings, flux-perturbed rings).

Device design: Tm_q could be used as a design parameter in molecular electronics: target m_q
values that optimize phase-coherent transport or reduce sensitivity to decoherence.

Limitations & outlook: Tm_q depends on choice of C and chosen projection of many-electron
wavefunction into single-particle amplitude — this is both a flexibility (tailor to chemistry) and a
challenge (standardization). Future work should test different weighting schemes (e.g., R*a with
a tuning sensitivity) and compare single-particle _q with many-body definitions (current density
integrals).



9. Conclusion

| introduced 11_q, a density-weighted, phase-topology based generalization of 1T for molecular
systems. T1_q preserves the classical role of 1T as a conversion factor between spatial periodicity
and spectral quantization, but enriches it by incorporating electronic-phase winding and density.
This construct is mathematically well behaved (gauge invariant, continuous under small
perturbations) and physically interpretable (links to ring currents, energy spacing and transport).
| propose T1_q as a new diagnostic and theoretical tool to quantify delocalization, aromaticity
and coherence in molecules.
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