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Abstract: In 1904, Dickson [6] stated a very important conjecture. Now
people call it Dickson’s conjecture. In 1958, Schinzel and Sierpinski [3]

generalized Dickson’s conjecture to the higher order integral polynomial
case. However, they did not generalize Dickson’s conjecture to the

multivariable case. In 2006, Green and Tao [9] considered Dickson’s
conjecture in the multivariable case and gave directly a generalized

Hardy-Littlewood estimation. But, the precise Dickson’s conjecture in the
multivariable case does not seem to have been formulated. In this paper,

based on the idea in [8] a partial proof of Dickson’s Conjecture is provided .
Let {a1, a2, ....ak} the set of k linear prime admissible , t ≥ 1, qat be the
smallest prime number dividing at and ω(qat) its order by arranging the
prime numbers in ascending order. βj(

√
n) the number of prime p ≤

√
n

such that ajp+ bj is prime . Let

G(ω(qat)) =

 1

φ(at)
+

1

qatφ(at)
− 1 + qat
qatφ(at)

ω(qat )−1∏
i=1

[
1− 1

p
σ−1(i)
i (pi − 1)

] (1)

R(r, t) =
1

φ(at)

1−
r∏

i=ω(qat )+1,pi|at

[
1− 1

p
σ−1(i)
i

]
r∏

i=ω(at)+1,pi-at

[
1− 1

p
σ−1(i)−1
i (pi − 1)

] (2)

µ(k, r) =
k∑
t=1

Π(atn+ bt)
r∏
i=1

[∏
p|ai p

vp(ai)pi − 1∏
p|ai p

vp(ai)pi

]
(3)

Let H(n) the number of prime p less that n such that : ∀i ≤ k, aip+ bi is
prime and Q(n) the number of prime such ∃i ≤ k, aip+ bi is prime We show
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that :

H(n)−Q(
√
n) ∼+∞ Π(k, n)− µ(k, r) (4)

Q(n)−Q(
√
n) ∼+∞ Π(k, n)−

k∑
t=1

Π(atn+ bt) [G(ω(qat)) +R(r, t)] (5)

Where Π(k, n) = Π(min(a1, a2, ..ak)n+ max(b1, b2, ..bk))

Keywords: Dickson conjecture, Chebotarev theorem, Mertens formula

1 INTRODUCTION

The question of existence of infinitely many prime values of polynomials f(x)
with integral coefficients has been one of the most important topics in Num-
ber Theory. Euclid [1] proved firstly that f(x) = x represents infinitely many
primes. In 1837, Dirichlet [2] showed that f(x) = a+bx takes infinitely many
primes, where a and b are integers satisfying gcd(a, b) = 1, and either a 6= 0,
b > 0, or a = 0, b = 1. In 1857, Bouniakowsky [3] considered. the case of
nonlinear polynomials and conjectured that if f(x) is an irreducible polyno-
mial with integral coefficients, positive leading coefficient and degree at least
2, and there does not exist any integer n ≥ 2 dividing all the values f(k) for
every integer k, then f(x) is prime for an infinite number of integers x. Un-
fortunately, as far, his conjecture even the simplest case f(x) = x2 + 1 [4] is
still open. In a somewhat different direction, by generalizing Dirichlet’s the-
orem and concerning the simultaneous values of several linear polynomials,
Dickson [5] stated the following conjecture in 1904:

1.0.1 Dickson’s conjecture

Let s ≥ 1 , fi(a)(x) = aix + bi with ai and bi integers bi ≥ 1 .If there does
not exist any integer n > 1 dividing all the products

∏s
i=1 fi(k) , for every

integers k , then there exists infinitely many natural numbers m such that
all numbers f1(m), f2(m), ....fs(m) are primes . Dickson’s conjecture implies
many important results in [6] such as :
1- There exist infinitely many composite Mersenne numbers .
2-There exist infinitely many pairs of twin primes .
3-There exist infinitely many Carmichael numbers
4-Artin’s conjecture is true
5-Hardy Littlewood conjecture is true
6-There exist infinitely many Sophie German’s prime numbers.
In our paper we proof Dickson conjecture .
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1.1 Notations

Denote by Pn the set of prime numbers less that n vp(n) = s if ps | n and
ps+1 - n

Ω(n) =
∑

p∈Pn,p|n

vp(n)

δp(n) = 1 if p is a prime divisor of n and 0 otherwise . δ(n) = 1 if n is prime
and 0 otherwise.

Cn = {m ≤ n,Ω(m) ≥ 2}︷ ︸︸ ︷
Pan+b = {p ∈ Pan+b : p ≡ b[a]}

An,t = {atm+ bt ∈
︷ ︸︸ ︷
Patn+bt : m ∈ Cn}

Tn = {2p, 3p, 4p, ...[n
p

]p}

α(n, t) = card(An,t)

β(n, t) = card(
︷ ︸︸ ︷
Patn+bt \An,t)

ω(p) = i if p is ith prime number.

1.2 Definition

Let {a1, a2, ...ak} the set of k integers .This set is said to be k-linear admissible
if exists k integers b1, ...bk and prime p such as gcd(ai, bi) = 1, ∀i ≤ k and
aip+ bi are prime .

1.3 Principle of Proof

Cn =
⋃

p∈P√n

Tn

α(n) + β(n) = Π(an+ b, a, b)

fn be the function defined as :
hn : Cn → Nk

m 7→ (a1m+ b1, a2m+ b2, .....akm+ bk)

and
fn,t : Cn → N

m 7→ atm+ bt

hn(Cn) =
⋃

p∈P√n

hn(Tn)
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Where

hn(Tn) =
k∏
i=1

{aiT2p + bi}

Denote by ρk the function which counts the number of k-fn admissible prime
in a given set A then by the Poincare sieve we have:

ρk(hn(Cn)) =
r∑
s=1

(−1)s
∑

1≤i1<i2......<is≤r

ρk(
s⋂
j=1

hn(T2pij ))

Also ∀s ≥ 2 :

s⋂
j=2

hn(T2pij ) = {(ma1
s∏
j=1

pij + b1,ma2

s∏
j=1

pij + b2, ....,mak

s∏
j=2

pij + bk) : 1 ≤ m ≤ [
n−

∏s
j=1 pij

2
∏s

j=1 pij
]} (6)

Let Et,m = {mat
∏s

j=2 pij + bt} Counting the number of k -special admissible
function prime in

⋂s
j=1 hn(T2pij ) consisting on counting the number of prime

in
⋃

1≤m≤[
n−

∏s
j=1

pij
2
∏s

j=1
pij

]

⋃k
t=1Et,m

ρk(
s⋂
j=1

hn(T2pij )) = ρk(
⋃

1≤m≤[
n−

∏s
j=1

pij
2
∏s

j=1
pij

]

k⋃
t=1

Et,m)

Then

ρ(
k⋃
t=1

⋃
1≤m≤[

n−
∏s

j=1
pij

2
∏s

j=1
pij

]

Et,m) = ρ(
k⋃
t=1

Zt)

Where
Zt =

⋃
1≤m≤[

n−
∏s

j=1
pij

2
∏s

j=1
pij

]

Et,m

ρ(
k⋃
t=1

Zt) =
k∑
t=1

(−1)t−1
∑

1≤t1<t2......<tt≤t

ρ(
t⋂

j=1

Ztj)

As
⋂t
j=1 Ztj =

⋃
1≤m≤[

n−
∏k

j=1
pij

2
∏k

j=1
pij

]

⋂t
j=1Etj ,m and

t⋂
j=1

Etj ,m = Xm,j

With Xm,j = {m
∏

1≤j1≤j2....≤js≤s
∏s

k=1 atjpijk + btj}
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Prime in
⋂t

j=1 Ztj ,∀t

Counting the number of prime in
⋂t
j=1 Ztj corresponding to count the number

of prime in arithmetic progression of reason atj
∏

1≤j1≤j2....≤js≤s
∏s

k=1 pijk By
Chebotarev-Artin theorem we have:[

ρ(
t⋂

j=1

Ztj) =
t∑

j=1

Π(atjn+ btj)

φ(atj
∏

1≤j1≤j2....≤js≤s
∏s

k=1 pijk , pijk - btj)
+ g(n)

]
(7)

Let
E1 = {m ∈ {1, 2, ...s} : jm = 1}

and
Ek = {m /∈ Ek−1 : jm = k};∀2 ≤ k ≤ s

In obvious manner we have :∏
1≤j1≤j2....≤js≤s

(
s∏

k=1

pijk , pijk - atj) =
s∏

m=1

(pβmim , pim - btj) (8)

where βm = card(Em) Let

b(s) =
k∑
t=1

(−1)t−1
∑

1≤t1<t2......<tt≤t

ρ(
t⋂

j=1

Ztj)

Since

φ(atj

s∏
m=1

(pβmim , pim - btj)) = φ(atj)φ(
s∏

m=1

(pβmim , pim - btj))
gcd(atj ,

∏s
m=1(p

βm
im
, pim - btj))

φ(gcd(atj ,
∏s

m=1(p
βm
im
, pim - btj)))

Since φ(
∏s

j=1(p
βj
ij
, pij - btj)) =

∏s
m=1(p

βm−1
im

(pim−1), pim - btj) Then

φ(atj

s∏
j=1

(p
βj
ij
, pij - btj)) = φ(atj)

s∏
m=1

(pβm−1im
(pim−1), pim - btj)

∏s
m=1 p

δpim (atj
)

im,pim -btj∏s
m=1,pim -btj

(pim − 1)
δpim (atj

)

r(tj, s) = φ(atj)
s∏

m=1

(pβm−1im
(pim−1), pim - btj)

∏s
m=1 p

δpim (atj
)

im,pim -btj∏s
m=1,pim -btj

(pim − 1)
δpim (atj

)

Then

d(n) =
k∑
t=1

(−1)t−1
∑

1≤t1<t2......<tt≤t

t∑
j=1

Π(atjn+ btj)

r(tj, s)
+ g(as+ b)
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ρk(hn(Cn)) =
r∑
s=1

(−1)s
∑

1≤i1<i2......<is≤r

d(n)−
r∑
i=1

k∑
j=1

ψ(ajpi+bj)+g(min(a1, a2, ....ak)n+max(b1, b2, ....bk))

Pulling

ω(n) =
r∑
s=1

(−1)s
∑

1≤i1<i2......<is≤r

d(n)

Then

ω(n) =
r∑
s=1

(−1)s
∑

1≤i1<i2......<is≤r

k∑
t=1

Π(atn+ bt)

r(tj, s)

Then

ω(n) =
k∑
t=1

Π(atn+ bt)
r∑
s=1

(−1)s
∑

1≤i1<i2......<is≤r

1

r(t, s)

2 Theorem 1

Let {a1, a2, ....ak} the set of k linear prime admissible , t ≥ 1, qat be the
smallest prime number dividing at and ω(qat) its order by arranging the
prime numbers in ascending order.Let Q(n) the number of prime p less than
n such that at least one of k-affine aip+ bi are prime and βj(

√
n) the number

of prime p ≤
√
n such that ajp+ bj is prime . Let

G(ω(qat)) =

 1

φ(at)
+
aω(qat )

φ(at)
−

1 + aω(qat )

φ(at)

ω(qat )−1∏
i=1

[
1− 1

p
σ−1(i)
i

] (9)

R(r, t) =
1

φ(at)

1−
r∏

i=ω(qat )+1,pi|at

[
1− 1

p
σ−1(i)
i

]
r∏

i=ω(at)+1,pi-at

[
1− 1

p
σ−1(i)−1
i (pi − 1)

](10)

Then :

Q(n)−Q(
√

(n)) ∼+∞ Π(min(a1, a2, a3, ...ak)n+max(b1, b2, b3, ...bk))−F (
√
n)

With

F (
√
n) =

k∑
t=1

Π(atn+ bt)
[
G(ω(qat)) +R(

√
n, t)

]
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2.1 Proof

Let

R(r, t) =
r∑

s=ω(qat )+1

(−1)s+ω(qa)−1
∑

ω(qat )+1≤i1<i2......<is≤r

1

r(t, s)
(11)

G(ω(qat)) =
1

φ(at)

ω(qat )∑
s=1

(−1)s−1
∑

1≤i1<i2......<is≤ω(qat )

1

r(t, s)
(12)

Then

R(r, t) =
1

φ(at)

r∑
s=ω(qat )+1

(−1)s+ω(qa)−1
∑

ω(qat )+1≤i1<i2......<is≤r

s∏
j=ω(qat )+1

aij ,t(13)

G(ω(qat)) =
1

φ(at)

ω(qat )−1∑
s=1

(−1)s−1
∑

1≤i1<i2......<is≤ω(qat )−1

s∏
j=1

aij +
1

φ(at)
I(ω(qat))(14)

Where

I(ω(qat)) = aω(qat )

ω(qat )−1∑
s=1

(−1)s−1
∑

1≤i1<i2......<is≤ω(qat )−1

s∏
j=1

aij ,t + aω(qat ) (15)

aij ,t =
(pij − 1)

δpij (at)

p
βj−1
ij

(pij − 1)p
δpij (at)

ij

(16)

By the useful lemma in [8]

I(ω(qat)) = 2aω(qat ) − aω(qat )
ω(qat )−1∏
i=1

(1− ai,t)

Then

G(ω(qat)) =
1

φ(at)

1−
ω(qat )−1∏
i=1

(1− ai,t)

+ 2aω(qat ) − aω(qat )
ω(qat )−1∏
i=1

(1− ai,t)


and

R(r, t) =
1

φ(at)

1−
r∏

i=ω(qat )+1

(1− ai)


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Let
σ : {1, 2, ...r} → {1, 2, ...r}

m 7→ im

1− ai,t = 1− 1

p
σ−1(i)
i (pi − 1)

,∀pi - at

1− ai,t = 1− 1

p
σ−1(i)
i

,∀pi | at,∀i 6= ω(qa)

aω(qat ) =
1

qat

Hence

r∏
i=ω(qat )+1

(1− ai,t) =
r∏

i=ω(qat )+1

[
1− 1

p
σ−1(i)
i (pi − 1)

]
(17)

Then

G(ω(qat)) =

 1

φ(at)
+
aω(qat )

φ(at)
−

1 + aω(qat )

φ(at)

ω(qat )−1∏
i=1

[
1− 1

p
σ−1(i)
i

](18)

R(r, t) =
1

φ(at)

1−
r∏

i=ω(qat )+1,pi|at

[
1− 1

p
σ−1(i)
i

]
r∏

i=ω(at)+1,pi-at

[
1− 1

p
σ−1(i)−1
i (pi − 1)

](19)

Since :

r∑
s=1

(−1)s
∑

1≤i1<i2......<is≤r

1

r(t, s)
= G(ω(qat)) +R(r) (20)

Then

ω(n) =
k∑
t=1

Π(atn+ bt) [G(ω(qat)) +R(r)](21)

ρk(hn(Cn)) = ω(n)−
k∑
j=1

βj(
√
n) + g(min(a1, a2, ....ak)n+ max(b1, b2, ....bk))(22)
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3 THEOREM 2

Let {a1, a2, ....ak} the set of k-linear function admissible . Let H(n) the
number of prime p less that such that : ∀i ≤ k, aip+ bi is prime then

H(n) = Π(min(a1, a2, ...ak)n+ max(b1, b2, ...bk))− µ(k, r) +Q(
√
n)

Where

µ(k, r) =
k∑
t=1

Π(atn+ bt)
r∏
i=1

[∏
p|ai p

vp(ai)pi − 1∏
p|ai p

vp(ai)pi

]

3.1 Proof

In obvious manner
⋂k
j=1

︷ ︸︸ ︷
Pajn+bj \fn,t(Cn) represents the set of Dickson ’s

prime less than n Since

ρk(
k⋂
j=1

︷ ︸︸ ︷
Pajn+bj \fn,j(Cn)) = T (k) (23)

T (k)−Q(
√
n) = Π(k, n)−

k∑
t=1

r∑
s=1

(−1)s−1
∑

1≤i1<i2......<is≤s

Π(atn+ bt)

φ(
∏s

j=1 aijpij)
(24)

Where Π(k, n) = Π(min(a1, a2, ...ak)n+max(b1, b2, ...bk)) Since aij =
∏

p|aij
pvp(aij )

By Lemma in [8] we have :

k∑
t=1

r∑
s=1

(−1)s−1
∑

1≤i1<i2......<is≤s

Π(atn+ bt)

φ(
∏s

j=1 aijpij)
= µ(k, r) (25)

µ(k, r) =
k∑
t=1

Π(atn+ bt)
r∏
i=1

[∏
p|ai p

vp(ai)pi − 1∏
p|ai p

vp(ai)pi

]
(26)

Finally

T (k) = Π(min(a1, a2, ...ak)n+ max(b1, b2, ...bk))− µ(k, r) +Q(
√
n) (27)

µ(k, r) =
k∑
t=1

Π(atn+ bt)
r∏
i=1

[∏
p|ai p

vp(ai)pi − 1∏
p|ai p

vp(ai)pi

]
(28)

4 Conclusion

In conclusion we retain that there is an infinity of prime which verifies Dickson
Conjecture .

9



References

[1] Thomas Little Heath, The Thirteen Books of the Elements,
translated from the text of Heiberg with introduction and com-
mentary, Cambridge Univ. Press, Cambridge (1926). See also:
T L Heath, The Thirteen Books of Euclid’s Elements (3 Vol-
umes), New York, (1956).

[2] A. Balog, Six primes and an almost prime in four linear equa-
tions, Can. J. Math., 50, 465-486, (1998).

[3] A. Schinzel and W. Sierpinski, Sur certaines hypotheses concer-
nant les nombres premiers, Acta Arith., 4 (1958), pp185-208,
Erratum 5, pp259, (1958).

[4] Fouvry Etienne, Iwaniec Henryk, Gaussian primes, Acta Arith.,
79, no. 3, pp249-287, (1997).

[5] Nikolai G. Chudakov, On the Goldbach problem, Doklady
Akademii Nauk SSSR, 17 (1937), 335-338.

[6] Leonard E. Dickson, A new extension of dirichlet’s theorem
on prime numbers, Messenger of Mathematics, 33, pp155-161,
(1904). Comp. 28 (1974), 315–324

[7] Paulo Ribenboim, The book of prime number records, Springer-
Verlag, New York, (1988).

[8] BADO, Idriss Olivier. New Discovery on Goldbach. In-
ternational Journal of Progressive Sciences and Tech-
nologies, [S.l.], v. 13, n. 2, p. 216-221, mar. 2019.
ISSN 2509-0119. Available at: ¡http://ijpsat.ijsht-
journals.org/index.php/ijpsat/article/view/795¿. Date ac-
cessed: 23 sep. 2019.

[9] Green Ben and Tao Terence, The primes contain arbitrarily
long arithmetic progressions, Ann. of Math. (2) 167, no. 2, 481-
547, (2008).

[10] G. H. Hardy and J. E. Littlewood, Some problems of ”partitio
numerorum” III: on the expression of a number as a sum of
primes. Acta Math., 44, 1-70, (1923).

[11] A. Balog, Linear equations in primes, Mathematika, 39, 367-
378, (1992).

10



[12] B. Green and T. Tao, Linear equations in primes, preprint,
available at: http://arxiv.org/abs/math/0606088, Ann. of
Math. (2), in press.

11


